Abstract. Relying on the general theory of Lie derivatives a geometric definition of Lie derivative for two-component spinors is given, which recovers well known classical formulae, providing as well some new unexpected results. We re-express in spinorial variables the background-dependent family of first order covariant Lagrangians which generate Einstein's field equations. Finally, conserved quantities and superpotentials are calculated under a general gauge-covariant form.
Introduction
It is known that in certain problems involving gravity coupled to Fermions it is necessary to compare spinor fields for different metrics. This happens, for instance, when one wants to derive Einstein's field equations with a spin matter source by taking variations of the action with respect to the metric g µν "while keeping the spinor field Ψ(x) constant". Another case arises from the study of Dirac's operators, where one studies families of such operators parametrized by space-time metrics [24] .
A way out to this unpleasant situation is to relax the metric dependence on the defining spin bundle Σ(M, g). Recall that, as usual, giving an orientable and time-orientable four dimensional Lorentzian space-time (M, g) is giving an SO(1, 3) 0 -structure, i.e. an SO(1, 3) 0 -sub-bundle SO(M, g) 0 of the bundle L(M ) of linear frames of M and that a spin structure for SO(M, g) 0 is defined ( §2) as a pair (Σ(M, g), η), where Σ(M, g) is a SL(2, C)-principal fibre bundle over M , and η: Σ(M, g) → SO(M, g) 0 is a strong homomorphism which commutes with the standard group epimorphism Λ: SL(2, C) → SO(1, 3) 0 . Now, if we get rid of the metric dependence, we are naturally led to the notion of free spin structure ( §5), which basically consists in fixing a principal bundle p: Σ → M with SL(2, C) as structure group and giving a strong equivariant bundle map η: Σ → L(M ). In such a context, a two-component spinor field is regarded as a section of the bundle Σ λ , associated to Σ via the standard linear representation λ of SL(2, C); the bundle Σ λ will be called the bundle of free two-component spinors. We stress that this new kind of spinors is now treated as in gauge theory, avoiding any reference to Lie derivatives with respect to vector fields on M and replacing them with Lie derivatives with respect to projectable vector fields on Σ. In other words, the symmetry group is enlarged by adding the vertical transformations to obtain all automorphisms of Σ which are canonically representable on the configuration bundle, instead of using Diff(M ), which has no such natural representation.
In this framework, which is the mathematical framework of gauge-covariant field theories set in terms of calculus of variations on fibre bundles, it is possible to cope with a general theory of free two-component spinors interacting with gravity ( §5). To this end, one needs to re-express in spinorial variables the class of covariant first order Lagrangians which has been found by two of us [16] . Using a result on the pull-back properties of the Poincaré-Cartan forms for Lagrangian field theories [27] , a whole new family of covariant and spin-invariant first order spinor Lagrangians is found. Finally, conserved quantities and superpotentials are calculated under a general gauge-covariant form.
Preliminaries 1
Let (M, g) be an orientable and time-orientable 4-dimensional Lorentzian spacetime which admits a spin structure η: Σ(M, g) → SO(M, g) 0 , where Σ(M, g) and SO(M, g) 0 are appropriate principal bundles defined in §2. As is well known (see, e.g., [1, 2, 3, 4, 5] ), one can define the Lie derivative for spinor fields along any Killing vector field ξ of the base manifold M . In fact, let ψ be a two-component spinor field, i.e. a section of the fibre bundle S(M ) associated to the principal fibre bundle Σ(M, g) via the linear left action of SL(2, C) on C 2 given by
One gets the following:
where:ξ is the canonical (but not natural) lift of the Killing vector field ξ = ξ a (x)e a ; e = (e a ) = (e a µ (x)∂ µ ) is a local section of SO(M, g) 0 induced by a local section 1 In this paper we shall not make use of the abstract index notation (see, e.g., [12] ) because it would hide our field variables (see below). 
(1.3b)
where
are the local right GL(2, C)-invariant vector fields canonically defined by means of the local coordinates on Σ(M, g).
Hence it turns out thatξ projects over ξ; moreover it is possible to show that ξ, in this case, coincides with the more general Kosmann lift of ξ as defined in [11] (see below).
A geometric interpretation of equation (1.2) can be given as follows. Since ξ is an infinitesimal isometry, i.e. a Killing vector field on M , there is an action on spinor indexed quantities. In fact, let us denote by {ϕ t } the flow associated to ξ and consider the principal bundle map φ t :
The automorphisms φ t are well defined since the diffeomorphisms ϕ t are isometries. Remind that, since we suppose M to be an orientable and time-orientable space-time, O(M, g) admits a reduction to SO(M, g) 0 . Moreover, being η: Σ(M, g) → SO(M, g) 0 a covering space, it is possible to lift φ t to a bundle mapφ t : Σ(M, g) → Σ(M, g) in the following way. For any spinor frameẽ ∈ Σ(M, g) over η(ẽ) = e, from the theory of covering spaces it follows first that for the curve γ e : R → SO(M, g) 0 , based at e (i.e. γ e (0) = e) and defined by γ e (t) := φ t (e) there exists a unique curveγẽ: R → Σ(M, g), based atẽ, such that η •γẽ = γ e . It is then possible to define a principal bundle mapφ t : Σ(M, g) → Σ(M, g), which covers φ t , by settingφ t (ẽ) :=γẽ(t). The oneparameter group of automorphisms {φ t } defines hence a vector fieldξ = ∂ ∂t (φ t ) t=0 which projects over ξ. Furthermore, we define an automorphism (
. This is well defined since it does not depend on the representative chosen, owing to the fact thatφ t is equivariant under the right action of the structure group SL(2, C). It is then easy to verify that the following formula
provide us with the coordinate-free expression of the Lie derivative as defined by (1.2).
As we mentioned in the Introduction, our first aim is to extend this formula to a general vector field of the base manifold. Spin bundles are not natural bundles in the usual sense of [6, 7, 8] , so that it is not straightforward how to define the Lie derivative of their sections. On the other hand, the standard general theory of Lie differentiation [6, 7] is applicable to projectable vector fields on the defining spin bundle over the base spin manifold M ( §4). Moreover, there is a canonical lifting of vector fields on M [11] called the Kosmann lift, which is basically the antisymmetrization of the standard lift to the linear frame bundle ( §3). The composition of the usual (generalized) Lie derivative with this lift recovers the "original" definition by Kosmann-Schwarzbach [2] .
In §5 we present a family of first order gauge-covariant spinor Lagrangians for General Relativity, written by using the spinorial variables (e AB ′ µ ), called spinvierbeins (where as usual the A ′ , etc. are complex conjugate spinor indices). In order to achieve this programme we are forced to abandon the usual notion of spin structure on curved space-time, which is usually defined for a rigidly fixed metric background ( §2).
Spin structures
Let (M, g) be an orientable and time-orientable four dimensional Lorentzian spacetime. In what follows π: SO(M, g) 0 → M will denote the principal bundle of oriented and time-oriented Lorentz (i.e. pseudo-orthonormal) linear frames. We recall (see, e.g., [1, 3, 4, 5, 10] ) that a spin structure on (M, g) consists of a principal fibre bundle η M : Σ(M, g) → M with SL(2, C) as structure group and a strong principal bundle map η: Σ(M, g) → SO(M, g) 0 , which is equivariant under the right actions of the structure groups, i.e. a map satisfying the following conditions:
where Λ is the epimorphism which exhibits SL(2, C) as a two-fold covering of the proper orthochronous Lorentz group SO(1, 3) 0 . It can be shown that also η is an epimorphism and in fact a two-fold covering-space map. Any base manifold M admitting a spin structure is called a spin manifold.
In general, it is not guaranteed that a manifold admits a spin structure; assuming that (M, g) is orientable and time-orientable, it is known that spinors can be defined [1, 3, 4, 5, 10] if and only if the second Stiefel-Whitney class of M vanishes. Let us also recall that the local isomorphism between Σ(M, g) and SO(M, g) 0 allows the Levi-Civita connection to be lifted to a connection on the principal bundle Σ(M, g), equivariant by SL(2, C). Let thence ω: T [SO(M, g) 0 ] → so(1, 3) be the connection one-form determined by the Levi-Civita connection of the Lorentzian metric g. This connection one-form can be pulled back by the spin bundle map η to give a canonical spin connection on the SL(2, C)-bundle. The corresponding connection one-form σ on Σ(M, g)
is defined as the composition
is the Lie algebra isomorphism induced by Λ. Denoting by (x µ , z A B ) local coordinates for Σ(M, g) as above, it turns out that the connection form σ reads as follow:
where σ
Two-component spinors are now defined via the linear action on C 2 given by (1.1) and we shall denote by
2 )/SL(2, C) the vector bundle associated to the principal fibre bundle Σ(M, g) by means of this action. The spin connection can then be used to construct a SL(2, C)-covariant derivative of the spinor fields.
Kosmann lift
In a recent work [11] the notion of Kosmann lift has been introduced and here we briefly recall the results.
Let us consider an orientable and time-orientable 4-dimensional manifold M with a Lorentzian metric g and assume that (M, g) admits a spin structure. For any vector field ξ it is possible to define a lift to SO(M, g) 0 , which we denote by ξ K . The vector field ξ K is locally defined by:
where the coefficients (ξ K ) a and (ξ K ) ab are given by
and we set
which in a suitable chart (x µ , u a b ) are defined as follows:
In order to define the local coordinates (x µ , u a b ) which appear in (3.3) we remind that, as in §1, the local section e: U → SO(M, g) 0 is induced by a local sectioñ e: U → Σ(M, g), so that we have η •ẽ = e. Moreover, if (x µ ) are local coordinates of a chart in the base manifold M with the same domain U , we can define local coordinates (u a µ ) by (u a µ (u)∂ µ ), where u = (u a ) is any frame in the open subset
finally, with the local section e: U → SO(M, g) 0 we define local coordinates (u a b ) by u a =: u a b e b . Accordingly, the vector field ξ K defined by (3.1) transforms as a SO(1, 3) 0 -invariant vector field on SO(M, g) and projects over ξ.
An alternative geometric definition of ξ K can be given in an invariant fashion as follows. Given any vector field ξ of the base manifold M , it admits a unique natural liftξ to the linear frame bundle L(M ) (see [2] ). Then, ξ K is by definition the skew ofξ with respect to the Lorentzian metric g.
Furthermore, when a spin structure η:
given, any vector field ξ lifts to a vector field on the spin bundle Σ(M, g). In fact, its liftξ K is defined by:ξ
Here (E A B ) are local right SL(2, C)-invariant vector fields on Σ(M, g) and the
where we set as usual S
being the Infeld-van der Waerden symbols [12] ; we see thatξ K projects over ξ K and hence over ξ. Accordingly, the following diagram commutes:
The vector fieldξ K is well defined since the one-parameter group of automorphisms {φ t } of ξ K can be lifted to a one-parameter group of automorphisms {φ t } so thatξ
The vector fieldsξ K , ξ K , which are respectively invariant under the actions of SL(2, C) and SO(1, 3) 0 , will be called the Kosmann vector fields of the vector field ξ (see [11] ).
Generalized Lie derivative for two component spinor fields
Recent results suggest that the basic situation for Lie differentiation is the following one.
Given two manifolds M , N , a map f : M → N , a vector field X on M and a vector field Y on N , the generalized Lie derivative£ (X,Y ) f : M → T N of f with respect to X and Y is defined by (cf. [6, 7, 8, 15] ):
This is a so-called vector field along f . If F l 
Equivalently we have the following diagram:
Furthermore, let S(M ) be the fibre bundle of spinors associated to the principal bundle Σ(M, g). For any element Φ ∈ Aut(Σ(M, g)) we obtain an automorphism
A vector fieldΞ generating a one-parameter group of automorphisms of Σ(M, g) defines the generalized Lie derivative of any section ψ: M → S(M ), that is of any spinor field, as follows:
where ξ ∈ X(M ) is the only vector field such that T π • Ξ = ξ • η M , Ξ is the only vector field such that T η •Ξ = Ξ • η and forΞ S(M ) we havẽ
for any z ∈ S(M ). We know from the above discussions that£Ξψ takes its values in the vertical sub-
In this case, (4.4) is of the form £Ξψ = (ψ, £Ξψ), the first component being the original section ψ, while the second component £Ξψ is also a section of S(M ) and is called the Lie derivative of ψ with respect toΞ. Sometimes, the second component £Ξψ is called the restricted Lie derivative [6] . Using the fact that the second component of£Ξψ is the derivative of (Φ −t ) S(M ) • ψ • ϕ t for t = 0 in the classical sense, one can re-express the restricted Lie derivative in the form
We are seeking a coordinate expression for the restricted Lie derivative given by equation (4.5). Now, if (x λ , y A ) denote local fibred coordinates for S(M ), so that the local equations of the section ψ are (x λ , y A = ψ A (x)), then (4.5) reads as:
Recalling thatΞ projects over Ξ and taking into account the Lie algebra isomorphism Λ ′ := T e Λ: sl(2, C) → so(1, 3), Λ: SL(2, C) → SO(1, 3) 0 being the covering of Lie groups, we find the following relations:
where the indices in (4.7a) are lowered and raised with respect to the Lorentzian metric g, i.e. η ab = g(e a , e b ). Recall that for Ξ, being a SO(1, 3) 0 -invariant vector field of SO(M, g) 0 , in the orthonormal basis (e a µ (x)∂ µ ) we have Ξ ab = −Ξ ba .
Finally, for the spin connection coefficients we have:
where ω abc := η ad ω d bc are the Ricci rotation coefficients of the Levi-Civita connection induced by the metric g.
In this notation we have, in the same orthonormal basis (e a
A we have the local expression:
so that we can re-write formula (4.6) as follows:
We remark that, being indifferently S 
Specializing the above Lie derivative £Ξψ to the case of the Kosmann lift, i.e. taking Ξ =ξ K , and setting £ ξ ψ := £ξ K ψ, we finally arrive to the following classical coordinate expression:
Taking now into account that
11) reads finally as: Obviously, definition (4.5) can be easily extended to "spin-tensor fields" of arbitrary rank. In particular, S(M ) being a vector bundle, let Λ 2 S * (M ) denote the bundle over M with fibres consisting of complex bilinear antisymmetric maps l:
be a non degenerate section, that is a differential symplectic vector-valued 2-form, whose local expression is
where f A is the local basis for S * (M ) dual of the basis f A , that is f A (f B ) = δ A B . If we suppose f A to be a symplectic basis (cf. [25] ), i.e., 14) owing to the symmetry of γ(ξ) AB , it is straightforward to prove that £ ξ ε = 0.
What is indeed surprising is that such a result happens to hold in a fairly more general context, more precisely at the level of equation (4.5) itself, or equivalently at the level of its coordinate expression (4.6). In fact, it is easy to prove that for any projectable vector fieldΞ as defined above and in a symplectic basis f A one hasΞ AB =Ξ BA , whence £Ξε = 0, (4.15)
as claimed. We finally remark that the dual symplectic form ε
with ε AB minus the inverse of ε AB , so that ε AB ε CB = δ C A is the identity endomorphism on the spin-space S(M ) and on its dual S * (M ). We stress that the inverse matrix of ε AB is
Formula (4.15) is but a particular case of a more general result. In fact, whenever one has a principal fibre bundle (P, M, G, π) with structure group G and a left action of G on some real or complex vector space V , it is possible, if we are given an invariant vector of V with respect to G, i.e. if we suppose that there exists a vector v ∈ V such that g · v = v for all g ∈ G, to construct (using the transition functions of P ) a global section s of the associated bundle (P × V )/G for which the following holds:
where Ξ is any G-invariant vector field on P .
General Relativity in two-component spinor formalism
As we mentioned in the Introduction, in this paper we also aim to present an alternative description of spinor fields on a curved space-time, by means of which we can give an interesting formulation of General Relativity in terms of spinorial variables. Let us start with the following definition. Let M be an orientable manifold and let π: L(M ) → M denote the principal bundle of linear frames on M . A free spin structure on M is a pair (Σ, η) where p: Σ → M is a principal fibre bundle with SL(2, C) as structure group and η: Σ → L(M ) is an equivariant bundle map, that is a bundle map satisfying the following conditions:
whereΛ := i • Λ is the morphism composed by Λ, the epimorphism which exhibits SL(2, C) as a two-fold covering of the proper orthochronous Lorentz group SO(1, 3) 0 , together with the canonical injection i: SO(1, 3) 0 → GL(4) of Lie groups (see [19] ). A two-component spinor field will be now a section of Σ λ , the bundle associated to Σ via the linear representation λ of SL(2, C) given by (1.1). The bundle Σ λ will be called the bundle of free two-component spinors or free spinor bundle.
Finally, if we wish to consider a field theory in which spinorial variables are dynamical we must first construct a fibre bundle the sections of which represent spinvierbeins. Recall that if E is a complex vector space, then its conjugate spaceĒ is obtained from E by redefining scalar multiplication. The new scalar multiplication by m ∈ C is the old scalar multiplication bym. The axioms of a complex vector space are easily seen to be satisfied inĒ. Usually, one agrees to denote byv the vector v when it is considered as an element ofĒ. If f : E → F is a linear map of complex vector spaces, then one defines a linear mapf :Ē →F byf (v) := f (v). For any complex vector space E the spaces (Ē) * := { α:Ē → C | α is linear } and (E * ) := {β | β: E → C is linear } are naturally isomorphic. The isomorphism ι: (Ē) * → (E * ) is given by ι(α) :=β, where β, v = α,v and v ∈ E. Owing to the isomorphism ι, we shall identify the space (Ē) * with (E * ) and denote itĒ * . Let us also recall that, in general, for a complex vector space E there is no a canonical way to represent E as the direct sum of two real spaces, the real and imaginary parts of E, although each complex vector space E admits a real form obtained by taking the same set and restricting the scalars to be real. An additional real structure in E (see, e.g., [17] ) is a linear map C: E →Ē such thatCC = id E . Any vector v ∈ E splits as v = v + + v − , where we have set v ± := 1 2 (v ±Cv). We have a direct sum decomposition of E into two real vector spaces E + and E − such that v ∈ E ± iffv = ±Cv. On the vector space E = C 2 ⊗C 2 consider the real structure C: C 2 ⊗C 2 →C 2 ⊗ C 2 defined by C(u ⊗v) :=v ⊗ u. The real space E + is the real space of Hermitian tensors spanned by elements of the form u ⊗v. A generic element of E + is written as φ = φ 
* belongs to V iff the following conditions hold:
where φ AB ′ ν denote the components of inverse element φ
here indices are not raised or lowered with g µν or ε AB , although, if we define
where the tensor index µ is raised using g µν and the indices AB ′ are lowered using ε AB and ε A ′ B ′ , respectively. Formulae (5.2b) and (5.2c) reflect the fact that the composed linear map φ −1 • φ is the identity map of R 4 and φ • φ −1 is the identity map of E + . Let us then consider the following left action on V :
together with the associated bundle
According to the theory of gauge-natural bundles and gauge-natural operators (see Ref. [6] ), L(M ) × M Σ is nothing but the principal prolongation of the principal fibre bundle Σ, also denoted by W 1,0 (Σ), with structure group GL(4) × SL(2, C). It turns out that Σ χ is a fibre bundle associated to W 1,0 (Σ), i.e. a gauge-natural bundle of order (1, 0). Local coordinates on bundle Σ χ will be denoted by (x µ , e AB ′ µ ). A section of Σ χ will be called a (co)spin-vierbein. It is possible to construct another bundle Σ τ with the same fibre V by considering the following left action on the SL(2, C)-manifold V :
The bundle Σ τ := Σ × τ V is a fibre bundle associated to the principal fibre bundle Σ, also denoted by W 0 (Σ), with structure group SL(2, C). It turns out that Σ τ is a gauge-natural bundle of zero order, i.e. associated to the "trivial" (zeroth order) principal prolongation of Σ. Local coordinates on the bundle Σ τ will be denoted by (x µ , M AB ′ a ). A special choice for Σ τ is the section σ IW : M → Σ τ whose components are locally given by the Infeld-van der Waerden symbols, that is a section
In the recent paper [19] a fibre bundle the sections of which represent spin frames was constructed. In fact, remind that SL(2, C) ≡ Spin(1, 3) 0 and consider the following left action of the group GL(4) × SL(2, C) on the manifold GL(4):
together with the associated bundle Σ ρ := W 1,0 (Σ) × ρ GL (4), where W 1,0 (Σ) := L(M ) × M Σ denotes the principal prolongation of order (1, 0) of the principal fibre bundle Σ with structure group GL(4) × SL(2, C). It turns out that Σ ρ is a fibre bundle associated to W 1,0 (Σ), i.e. a gauge-natural bundle of order (1, 0). The bundle Σ ρ has been called in [19] the bundle of (co)spin-tetrads. With the choice of a global section of Σ τ , for example by choosing the "Infeld-van der Waerden section", we have a global isomorphism (over the identity) of real fibre bundles, locally represented by:
As it is well known, General Relativity admits an equivalent formulation in terms of spinors (see, e.g., [13, 20, 21] ), which is based on a "change of field variables" in the space of (Lorentzian) metrics specified by the following surjective morphism of fibre bundles:
where Lor(M ) denotes the fibre bundle of all metrics of signature (+, −, −, −). Now, define
where ds : Since we aim to describe a spinor field (without any further gauge symmetry) in interaction with gravity, our configuration space will be assumed to be the following bundle:
where Σ γ := Σ × γ E is the vector bundle associated to the principal bundle Σ via the obvious representation γ of SL(2, C) on the vector space E :=C 2 ⊕ (C 2 ) * . So the bundle Σ γ turns out to be isomorphic toS(M ) × M S * (M ). The Lagrangian will be chosen in the following form:
According to the principle of minimal coupling, the Lagrangian L is assumed to split into two parts
is the pull-back (cf. [21, 13, 22] ) of the Hilbert Lagrangian
is the two-component spinor equivalent of the Dirac Lagrangian [19, 23] 
whereΨ := Ψ † · γ 0 is called the Dirac adjoint of Ψ, γ a := η ab γ b and '·' denotes the matrix product. If we set Ψ =: ψ ⊕ ϕ,Ψ =:φ ⊕ψ (see Ref. [18] ) and define for any vector field
(which implies our Clifford product has the form
, it is straightforward to prove that L D has the following expression:
where Σ := √ g ds.
Notice that in this formalism Dirac's equation
Thus the total Lagrangian L can be simply represented in terms of the variables discussed above together with their partial derivatives up to the second order included (e
). According to recent results [28] , to each higher order Lagrangian there corresponds at least one global Poincaré-Cartan form. Such a form is unique for first order theories; in the second order case uniqueness is lost, although there is still a canonical choice, which we will now describe. Let L ≡ L(x α ; y a , y a λ , y a λµ ) ds be a second order Lagrangian, where y a is a field of arbitrary nature. Define the momenta by setting
where d µ denotes the formal derivative [27] . The Poincaré-Cartan form associated to L is thence given by: 15) where d V is the vertical differential [27] and we set ds λ := ∂ λ ⌋ ds. The knowledge of the Poincaré-Cartan form enable us to calculate the so-called energy density flow of the Lagrangian in question. In fact, if L is a Lagrangian defined on the k-th order prolongation of a gauge natural bundle B (see Ref. [6] ) and Ξ is the generator of a one-parameter subgroup of automorphisms of B, the energy density flow associated to L along the vector field Ξ is given by (cf. [29, 16] )
where Hor denotes the horizontal operator on forms [27] andΞ is the (2k − 1)-th order prolongation of Ξ. (We stress that the word "energy" is used here in the broader sense of "conserved Nöther current".) In particular, for a second order Lagrangian one finds: It is possible to show [27] that the Poincaré-Cartan form associated to the pullback of a second order Lagrangian is nothing but the pull-back of the Poincaré-Cartan form associated to the original Lagrangian. Thus, as the Poincaré-Cartan form associated to L H is [16] 
Thus, using (5.16), we find for the energy density flow:
Now, making use of the well known relation
formula (5.17) can be easily recast as:
where G α β is the Einstein tensor and we set for the sake of brevity ∇ AA ′ ξ BB ′ := e AA ′ µ e BB ν ∇ µ ξ ν . As one can see from (5.18), E(L H , Ξ) is conserved in vacuum along any solution of the field equations G µν = 0, while of course it is not in interaction with matter.
is called the Hilbert superpotential: it is straightforward to show that it is nothing but the half of the well known Komar superpotential [30] . Therefore, setting (in spherical coordinates) ξ = ∂/∂t and integrating (5.19) on a spherical surface, it will yield half the mass for the Schwarzschild solution, but the correct angular momentum for the Kerr solution (see Ref. [16] ). We can now tackle the spinorial contribution, writing down the Poincaré-Cartan form associated to L D . Using (5.15), which is of course still valid for first order Lagrangians as a trivial subcase, we find:
where "c.c." stands for the complex conjugate of the preceding two terms and we set Σ α := ∂ α ⌋ Σ. Resorting as usual to (5.16) and making use of the relation (cf. [19] ) (5.21) Thus, the total energy density flow
appears to be conserved "on shell" (i.e. along any solution of the field equations), owing to the Einstein equations G α β = κT α β and in accordance with the general theory [29] . As a consequence, the 2-form
can be univocally identified as the (total) superpotential of the theory. Notice that the vertical contribution, i.e. the one containingΞ, vanishes identically off shell in (5.20) . So, even though the interpretation of our conserved currents could result difficult in principle as we enlarged the symmetry group by adding the vertical transformations, we find out that actually this is not the case.
In the theory we developed, we chose as the gravitational part of our Lagrangian L the usual Hilbert Lagrangian (5.11), but could also have chosen the background-dependent family of first order covariant Lagrangians [22]    L G : 
where we setω A B := 1/2 e AA ′ µ d V e BA ′ µ . Now, using (5.16), we can calculate the energy density flow, which, after some manipulations, appears to be 
